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Abstract 
Laminated composite structures consisting of load-carrying and multifunctional 
materials represent a rather powerful material system. The passive, load-carrying 
layers can be made of isotropic material or fiber-reinforced composites, while 
piezoelectric materials represent the most common choice of multifunctional materials 
for active layers. The multifunctionality of piezoelectric layers is provided by their 
inherent property to couple mechanical and electric fields. The property can thus be 
used to sense deformations or produce actuating forces. A highly efficient 3-node shell 
element is developed for modeling piezoelectric laminated composite shells. The 
equivalent single-layer approach and Mindlin-Reissner kinematics are used in the 
element formulation together with the discrete shear gap (DSG) technique to resolve the 
shear locking and strain smoothing technique to improve the performance. Piezoelectric 
layers are assumed to be polarized in the thickness direction thus coupling the in-plane 
strains with the electric field oriented in the thickness direction. The co-rotational FE 
formulation is used to account for geometrically nonlinear effects. Numerical examples 
cover linear and geometrically nonlinear static and dynamic cases with piezoelectric 
layers used as actuators and sensors.  
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1 INTRODUCTION 
Thin-walled structures render some 80% of all engineering structures and are still a 
growing portion of engineering structures in a broad range of sizes and quite diverse 
applications. They are a result of the tendency to reduce the structural dead-load but 
keep at the same time the high level of carrying capacity and stiffness. It is the 
combination of the shape and thinness of the walls that provides those advantages. The 
advantages are further improved by use of modern engineering materials - laminates, 
with layers made of various materials that could be isotropic or, more frequently, fiber-
reinforced composites. Orthotropic fiber-reinforced composite laminates offer vast 
options for tailoring material properties through the choice of constituent materials, 
fiber orientation, number, thickness and sequence of layers.  
Despite all these advantages, composite laminates may also suffer from structural 
stability issues and are sensitive to vibrations. The idea behind the term smart/adaptive 
structures offers a great potential to cope with such challenges. The term has been 
adapted by the engineering community two decades ago to redefine the concept of 
structures from a conventional passive deformable system to an active controllable 
system with inherent self-sensing, diagnosis, actuation and control capabilities [1]. The 
use of multifunctional materials enables application of active elements (sensors and 
actuators) with excellent capability of structural integration. Piezoelectric materials 
represent quite a common choice of multifunctional materials for the considered type of 
structures, which is due to their operational frequency range as well as stroke and force 
range they can produce, when shaped for the use with thin-walled structures. Their 
inherent property to couple mechanical and electric fields is used for this purpose. Since 
it is a two-way coupling, it can be used for actuation by producing desired forces 
through a predefined electric potential (reverse piezoelectric effect), and for sensing, as 
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deformations give rise to a strain-proportional electric field (direct piezoelectric effect). 
Such systems have a broad range of applicability, including vibration suppression [2, 3, 
4], structural health monitoring [5, 6], shape control [7, 8], to name but a few.  
Successful design of piezoelectric laminates and appropriate control laws calls for 
efficient and reliable approaches for modeling and simulation of their behavior. 
Whereas some researchers provided analytical considerations of piezoelectric laminated 
structures [9, 10, 11], the attention was mainly turned to the finite element method 
(FEM) as a predominant numerical method in the field of structural analysis. Numerous 
developments of piezoelectric beam, plate and shell elements are the best prove of how 
enticing this research field is. An exhaustive overview would be prohibitively long. An 
interested reader may address the survey from Benjeddou [12] for a thorough overview 
of the development in the field during the ‘90s and the development continued at the 
same pace in the years to come. Although it was confined to the considered type of 
material system and structures, still a few major streams of development can be 
distinguished. Some of the developments were aimed at high fidelity solid elements, 
with various techniques used to improve the performance. This includes the mixed 
variational formulation applied with an 8-node piezoelectric solid shell element by 
Klinkel and Wagner [13], and the assumed strain technique applied with an 18-node 
element by Lee et al. [14]. Willberg and Gabbert [15] applied the isogeometric approach 
to develop a 3D piezoelectric finite element for smart structures. Li at al. [16] proposed 
2D and 3D elements with the smoothed strain technique for piezoelectric structures.  
If the global structural behavior is aimed at, 2D elements, i.e. plates and shells, offer 
greater numerical efficiency. A large number of developed elements use the equivalent 
single-layer approach and are mainly based either on the classical laminate theory that 
implements Kirchoff-Love kinematics (e.g. [17, 18]), or the first-order shear 
deformation (FSDT) theory with Mindlin-Reissner kinematics. The latter was more 
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frequently used in the FEM developments as it includes the transverse shear effects and 
requires the C0-continutity from the shape functions (compared to the C1-continuity 
needed for the classical laminate theory). The developments cover broad range of finite 
elements including linear triangular [19] and quadrilateral [20] shell elements, 
biquadratic 8-node [21] and 9-node [22] shell elements, etc. As shell elements are 
notorious for the shear and membrane locking phenomena, various techniques, such as 
discrete shear gap (DSG) [20], mixed-interpolation of tensorial components (MITC) 
[23], selectively [21] and uniformly [22] reduced integration, etc. were applied to 
alleviate the problem. The developed elements were used to investigate further effects 
in modeling electro-mechanical coupled field, such as the convergence behavior of 
FEM results [24], and, for users’ convenience, some developments were also 
implemented in commercial FEM programs [25].  The isogeometric approach was also 
considered in the development of 2D elements for piezoelectric laminates. Phung-Van 
et al. [26] used it in combination with a higher-order shear deformation theory. 
Layerweise theories were also addressed to provide finite elements that stand 
between the 2D elements based on the equivalent single-layer approach and 3D 
elements, regarding the numerical effort and achieved accuracy. For this purpose, the 
Carrera Unified Formulation (CUF) for multilayered plates and shells [27] is frequently 
applied. Based on it, Cinefra et al. [28] developed a 9-node plate element for static 
analysis using the MITC technique and variable through-the-thickness layer-wise 
kinematics. This development was later extended to cover free-vibration analyses of 
piezoelectric plates [29]. Milazzo [30] used the approach that reduces the coupled-field 
problem to mechanical one and implemented both equivalent single-layer and layer-
wise approaches. 
Geometric nonlinearities were significantly less addressed in the available literature 
and this is one of the contributions this paper aims at. A linear triangular shell element, 
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whose mechanical part is based on the development by Bletzinger et al. [31] and 
Nguyen-Thoi et al. [32], was extended by the authors of this article to include 
piezoelectric layers polarized in the thickness direction and to cover geometric 
nonlinearities characterized by finite local rotations but small strains. The co-rotational 
(CR) FEM formulation [33, 34, 35] is used for the purpose. Application of the element 
for static and dynamic actuator and sensor cases will be demonstrated. 
 
2 3-NODE PIEZOELECTRIC SHELL ELEMENT 
The choice to develop the linear triangular shell element was motivated by its high 
numerical efficiency and meshing ability. However, those advantages are accompanied 
by the disadvantage of relatively stiff element behavior. Since it is a flat element, shell 
behavior is obtained by directly superposing the plate and membrane behavior. The 
mechanical field of the element relies on the development by Bletzinger et al. [31] and 
the DSG technique is used to alleviate the shear locking. Nguyen-Thoi et al. [32] used 
the strain smoothing technique to further improve this element, i.e. to avoid large strain 
and stress oscillations between adjacent elements and to render the element formulation 
independent from node numbering. Another aspect that talks in favor of the linear 
triangular element is the objective of its implementation into the co-rotational FEM 
formulation for geometrically nonlinear analysis. Since the rigid-body rotation is 
considered element-wise (one rotation matrix per element), finer meshes are needed for 
adequate accuracy regardless of the element properties. In what follows, only the basic 
equations that describe the element mechanical and electric fields are given. 
2.1 Element geometry and mechanical field 
Two coordinate systems are used in the element formulation – the global (x, y, z) and 
local (x′, y′, z′) coordinate systems. The local coordinate system is essential for the 
description of element geometry, implementation of kinematics and constitutive equations 
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but also for the description of the electric field and piezoelectric coupling. It is defined so 
as to have one of its axes, the x′-axis, oriented from element node 1 towards node 2, while 
the z′-axis is perpendicular to the element surface, Fig. 1. It takes very basic vector 
algebra to define the unit vectors of the local coordinate system, {ex′}, {ey′} and {ez′} and 
this is omitted here for the sake of brevity.  
 
Fig. 1 Geometry, local coordinate system and material system of the 3-node shell 
element 
 
The element uses linear shape functions which are defined in a manner common for 
triangular elements. Any point within the element, with local coordinates x′ and y′, forms 
3 sub-triangles in the element. The shape function of node i at any point (x′, y′) in the 
element domain is defined as a ratio of the corresponding sub-triangle surface area 
(defined by the point and the remaining two element nodes) and the element surface area. 
Hence, the shape functions for all 3 element nodes read: 
 
]')''(')''()''''[(
2
1)','(
]')''(')''()''''[(
2
1)','(
]')''(')''()''''[(
2
1)','(
122112213
311331132
233223311
yxxxyyyxyx
A
yxN
yxxxyyyxyx
A
yxN
yxxxyyyxyx
A
yxN
e
e
e
−+−+−=
−+−+−=
−+−+−=
 (1) 
 7 
with x′i and y′i, i=1,2,3 denoting the local coordinates of the element nodes, while Ae is 
the element surface area. The shell thickness is assumed to be perpendicular to the mid-
surface and the element geometry with respect to the local coordinate system is given as:  
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where h denotes the shell thickness and the natural coordinate in the thickness direction 
takes values -1<ξ<+1. 
The Mindlin-Reissner kinematics implies that the displacement of any point P of the 
element is represented as a superposition of the displacement of the corresponding mid-
surface point, P0, and the relative displacement of P with respect to P0. The latter is the 
consequence of thickness line rotations θx′ and θy′ at the mid-surface point P0 around the 
x′- and y′-axes, respectively. Hence, the displacement field {u′, v′, w′}T with respect to the 
local coordinate system is obtained as:   
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where the subscripting i denotes a nodal value at node i.   
In a manner typical for shells, the strain field is divided into the membrane-flexural, 
i.e. in-plane strains, {ε′mf}, and the transverse shear strains, {ε′s} with respect to the local 
coordinate system. They are defined by the corresponding strain-displacement matrices, 
[Bmf] and [Bs], respectively: 
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where {di'} is the vector of nodal translations and rotations.  
The idea behind the discrete shear gap approach is the separation of deformation into 
a part due to transverse shear and a part due to bending. The shear ‘gap’ represents the 
difference between the total deformation and deformation due to bending. This distinction 
allows to handle separately the shear ‘gap’ and since it is done at discrete points, the term 
‘discrete shear gap’ was introduced. An interested reader is referred to [31] for more 
details on the derivation of the strain-displacement matrices [Bmf] and [Bs] within the 
framework of the DSG approach. Thus, without going into the details, the matrices are 
given here directly: 
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where Ni,x′ and Ni,y′ , i = 1,2,3, are the constant derivatives of the shape functions in the 
local element coordinate system, while a, b, c and d read: 
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Furthermore, the element is improved by the strain smoothing technique [32]. The 
basic idea of the technique is very simple. The element domain is divided into 3 sub-
triangles using the element centroid O (Fig. 2).  
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Fig. 2 Division of the triangular shell element into three sub-triangles  
 
The strain-displacement matrices are computed for each of the sub-triangles 
according to Eqs. (5) and (6). Additionally, the displacement at the element centroid O, 
which is the common node of the 3 sub-triangles is assumed as the average value of the 
displacements at the 3 element nodes. Introducing this relation for the centroid 
displacement into the strain-displacement matrices and upon rearrangement of the 
terms, the resulting strain-displacement matrices for the sub-triangles are: 
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where [ ]j imfB∆ , , [ ]jisB∆,  are the nodal strain displacement matrices of the jth sub-triangle’s ith 
node. Simple averaging of the matrices in Eqs. (8) yields the element smoothed strain-
displacement matrix: 
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Computation of the element mechanical stiffness matrix typically requires 
integration. However, the element strain-displacement matrix is constant over the 
element domain and the only integration needed is in the thickness direction. The user’s 
input includes the material properties of each layer with respect to the material 
orientation (fiber orientation) together with the angle between the material orientation of 
the layer and the structural reference orientation. Hence, in the first step, the plane stress 
assumption is implemented to obtain the reduced material properties, which are further 
(in-plane) rotated to the structural reference direction and, finally, integrated in the 
thickness direction to yield the well-known ABD matrix for laminates [36].  The 
element mechanical stiffness matrix in the local coordinate system is then computed 
directly as:  
 [ ]
[ ]
[ ]
[ ] [ ]
[ ] [ ]
[ ]
[ ] 



















−−















−−=
*s
*mf
*s
*mf
ee
B
B
DB
BA
B
B
A'K
T
 (10) 
and using the transformation matrix between the global and local coordinate systems, 
[T]=[{ex′} {ey′} {ez′}], the element mechanical stiffness matrix in the global coordinate 
system is obtained in a straightforward manner: 
 [ ] [ ] [ ][ ]TKTK ee ′= T  (11) 
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2.2 Electric field and piezoelectric coupling 
The form of the constitutive equations of the piezoelectric material depends on the 
choice of independent variables. In the FEM formulation those are the mechanical 
displacements and electric potential and hence, the adequate form of the constitutive 
equations reads [37]:  
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where {σ} is the mechanical stress  (Voigt notation), {D} is the electric displacement 
vector, [CE]  the piezoelectric material Hooke’s matrix at constant electric field {E}, [dε] 
the dielectric permittivity matrix  at constant strain {ε}, and [e] denotes the piezoelectric 
coupling matrix.  
When applied to thin-walled laminated structures, piezoelectric sensors and 
actuators are typically shaped as thin patches polarized in the thickness direction and 
operating based on the e31-effect, which couples the electric field in the thickness 
direction with the in-plane strains. Such patches can be either embedded in the laminate 
or bonded to the outer surfaces. The patches are covered with electrodes on both 
surfaces so that an electric voltage that is constant over the piezoelectric patch surface is 
either supplied to the patch (actuator) or induced due to deformation (sensor).  
The electric potential, ϕ, and electric field, E, in the piezoelectric layer are related in 
the well-known way: 
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E
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The functions for the electric potential and electric field that would satisfy the Gauss 
law are strongly related to the theory used to describe the kinematics. The conducted 
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researches [38, 39] demonstrated that a consistent fulfillment of the Gauss law for 
dielectrics (piezoelectric material) in bending would require a quadratic function for the 
electric potential and a linear function for the electric potential across the thickness. 
However, the same researches also showed that typical approximations that use a linear 
function for the electric potential and a constant electric field are sufficiently accurate 
for typical thin piezoelectric patches, Fig 3. For that reason, they are also adapted in this 
work, leading to: 
 
k
k
k h
ΦE Δ−=  (14) 
where ∆Φk is the electric potential difference between the electrodes of the piezoelectric 
layer (say, kth layer) and hk is the thickness of the piezolayer. The resulting electric field 
– electric potential matrix, [Bφ], is diagonal with 1/hk as a typical main diagonal 
element: 
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Fig. 3  Electric field and electric potential in the piezoelectric patch – accurate (dashed 
lines) and approximate (solid lines) functions in bending 
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With the strain-displacement and electric field-electric potential matrices, the 
element inverse and direct piezoelectric coupling stiffness matrices, [Kuφ] and [Kφu], are 
computed in the following manner:  
 [ ] [ ] [ ][ ]( ) [ ]TT u
V
*mfu KdVBeBK φφφ =′= ∫  (16) 
where only the membrane-flexural part of the strain-displacement matrix, [Bmf*], is used 
because of the assumption that the applied piezopatches couple only the in-plane 
(membrane and flexural) strains with the electric field in the thickness direction, while 
[e'] is the matrix of the piezoelectric constants reduced in accordance with the 
assumption of zero normal stress in  the thickness direction [38]. It should be noticed 
that the inverse and direct piezoelectric coupling matrices are transpose of each other. 
The number of rows of the inverse piezoelectric matrix [Kuφ] equals the number of 
mechanical degrees of freedom (3×5=15) and the number of columns equals the number 
of piezoelectric layers in the area of the structure covered by the finite element.  
Finally, the dielectric stiffness matrix is computed as follows:  
 [ ] [ ] [ ][ ]dVBdBK φ
V
εT
φφφ ∫−=  (17) 
and it is a square diagonal matrix with the number of rows and columns equal to the 
number of piezoelectric layers in the area of the structure covered by the finite element.   
 
3 FINITE ELEMENT EQUATIONS AND THE CO-ROTATIONAL APPROACH  
The dynamic FE equations for the piezoelectric continuum can be derived from the 
Hamilton’s principle [40]. In geometrically nonlinear analysis, the structural 
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configuration is continuously updated and for an implicit time integration scheme [41] 
the equations read:  
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where [Muu] is the global mass matrix, [Cuu] the mechanical damping matrix, [Kuu], 
[Kuφ], [Kφu] and [Kφφ] are the global mechanical stiffness, piezoelectric direct and 
inverse coupling, and dielectric stiffness matrices, respectively, while the vectors {∆φ}, 
{∆u}, {u }, { u } comprise the incremental differences of electric potentials of the 
piezolayers, incremental displacements, nodal velocities and accelerations, respectively. 
The vectors {Fext}, {Fin}, {Qext} and {Qin} on the right hand-side of the FE equations 
are the external and internal mechanical forces and electric charges, respectively. The 
time at which a quantity is taken is denoted by the left superscript, while the index (k) in 
the right superscript denotes the iteration number, since the solution proceeds 
iteratively.   
Geometric nonlinearities are accounted for in the present development using the co-
rotational (CR) formulation. The basic idea is that each element has a local reference 
frame that is attached to the element and performs the same rigid-body motion as the 
element, Fig. 4. In this way, it is possible to decompose the overall element motion into 
a rigid-body motion and deformable motion. Upon extraction of the rigid-body motion 
from the overall motion, one obtains the nodal displacements and rotations that cause 
pure deformation. They are further used to compute internal forces and moments. 
Generally speaking, different material particles of a structure exhibit different rigid-
body rotations throughout the deformation. The rigid-body rotation can be determined 
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by polar decomposition of the deformation gradient. In case of the linear triangular 
element, the deformation gradient is constant over the whole element domain, thus 
yielding a constant rotation matrix per element. For more complex elements a kind of 
average rotation matrix is to be determined.  
 
Fig. 4 Co-rotational approach 
 
Once the element rotation matrix between the initial and current element 
configurations, t[R], is determined, the element stiffness matrix is updated as follows: 
 [ ] [ ] [ ] [ ]T0 eteetet RKRK =  (19) 
The nodal rotation-free translations }u{ r i,T
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where xi, yi, and zi, i=1,2,3, are the global coordinates of the element nodes.  
Computation of deformational nodal rotations is somewhat more demanding. It is 
done by updating the nodal shell normals by means of incremental nodal rotations. To 
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do this, the incremental rotation matrix of a shell normal at a node i is determined by the 
following set of equations [42]: 
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where t-∆t∆θi1, t-∆t∆θi2 and t-∆t∆θi3 are the three incremental global nodal rotations between 
the configurations at times t-∆t and t, and the index i pertains to node number. The nodal 
shell normal is updated using the rotation matrix t-∆t[Qi], hence: 
 { } [ ] { }iΔΔi nQn ttittt −−=  (24) 
In the next step, the element rotation matrix t[Re], is used to rotate the current node normal 
backwards to the initial element configuration: 
 { } [ ] { }itetRit nRn T=  (25) 
and finally, the angle between the rotated normal , t{nRi}, and the original normal, 0{ni}, 
yields the deformational nodal rotations, Fig. 4. Hence, the computed nodal translations 
and rotations, both free of rigid-body rotations, are used together with the linear 
stiffness matrix to compute the internal forces and moments. With the update stiffness 
matrix and internal forces and moments, the geometrically nonlinear FE computation 
may proceed.  
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4 NUMERICAL EXAMPLES 
In the following, examples are studied covering static and dynamic cases of 
relatively simple structures that involve composite laminates with different types of 
passive layers as well as active piezoelectric layers in both sensor and actuator modes. 
Linear and geometrically nonlinear computations are performed.  
4.1 Active beam with two pairs of piezo-actuators  
In the first example a clamped beam with two pairs of piezoelectric patches along its 
length is considered. Observing each pair of piezopatches separately, the polarization in 
patches is opposite so that a voltage applied across the thickness tends to induce 
(opposite) strains in the patches through the inverse piezoelectric effect. Since the 
patches are restrained (glued to the beam surface), equivalent stresses are induced 
resulting in uniformly distributed bending moments along the edges of the piezopatches. 
Obviously, two oppositely polarized piezopatches amplify the effect resulting from the 
piezoelectric coupling and this is the reason why this configuration is often used in such 
applications. The passive material of the beam is aluminum (Y=63.8 GPa, ν=0.345), 
while the piezoelectric patches have the following material properties: Y1= 47.6 GPa, 
ν=0.3, e31=e32=18.02 C/m2. The length of the beam is 300 mm, width 25 mm and 
thickness 0.645 mm. The piezopatches are of the same width as the beam itself, their 
length is 25 mm and the thickness of each piezopatch is 0.25 mm, so that the overall 
thickness in the areas covered by piezopatches is 1.145 mm. The beam geometry and 
position of the two pairs of piezopatches are depicted in Fig. 5. 
 
 
Fig. 5 Geometry of the active beam with two pairs of oppositely polarized patches 
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The supplied voltage to the piezopatches of the first pair is 100 V, while for the 
second pair it is -100V. As already mentioned, this gives rise to bending moments 
uniformly distributed along the edges of the piezopatches, but the bending moments are 
oppositely oriented in the two pairs of piezopatches. Hence, the areas covered by 
piezopatches are exposed to pure bending and since the patches are of the same size and 
polarization, as well as exposed to the same electric voltages, only with opposite sign, 
they exhibit he same bending deformation but with opposite curvatures. Observing the 
width mid-line along the beam length (dashed line in Fig. 5), it is to be expected that it 
remains undeformed in area A, bends in areas B and D with opposite curvatures, 
exhibits pure rotation in area C and remains undeformed but translated in z-direction in 
area E. The diagram in Fig. 6, which depicts the beam deflection along the length, 
confirms this expectation. The results are obtained using the FE mesh with 288 
triangular elements. Due to small deformations linear analysis was performed. Figure 6 
also comprises experimental results for this case reported by Gupta et al. [43]. 
Obviously, the reported measurement results for the beam deflection feature some 
scattering, which is to be attributed to the measurement errors. Despite of that, the 
numerical result by the present element is in good agreement with the experimental 
result.   
  
Fig. 6 Active beam deflection upon actuation 
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4.2 Active plate with multiple actuators 
The following example was originally proposed by Gabbert et al. [44] as one of the 
smart structure benchmark examples. A plate made of steel (Y=207 GPa, ν=0.28) and 
clamped over all four edges is considered. Material properties of the four pairs of 
pezopatches read: Y=61.3 GPa, ν=0.3, e31 = e32=9.6 C/m2. They are attached to the 
lower and the upper surface of the plate. The full geometry of the set-up is given in Fig. 
7. The double symmetry of the structure allows modeling of only one quarter with 
appropriate boundary conditions. Similarly to the previous example, the patches of each 
pair are oppositely polarized, whereby all the patches on one side of the plate have the 
same polarization. The actuation of the patches is achieved by simultaneously applying 
the same voltage of 200 V to each of them. 
 
Fig. 7 Geometry of the active plate with multiple pairs of piezopatches 
The FE model with the present element contains 1440 triangular elements. The diagram in 
Fig. 8 gives the deflection of the plate quarter along the line x = 0 mm. The results 
obtained with the present element show a very high agreement with those obtained with a 
9-node shell element (ACShell9) by Marinkovic [45] and the 20-node piezoelectric 
hexahedral element, the latter together with the experimental results reported in [44]. It 
can be noticed that the same displacement profiles are obtained experimentally and 
numerically, but that the experimentally determined displacements are smaller. This can 
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be a consequence of an incomplete transfer of piezoelectrically induced loads to the 
carrying structure in the experiment, e.g. if there are losses in the glue layer between the 
patches and the passive material.  As a matter of fact, Gabbert et al. [44] explain the 
differences by the quality of experimental set-up.  
 
Fig. 8 Active plate deflection along x=0 line 
 
4.3 Clamped composite laminated plate with piezolayers 
The next example is chosen with the aim of demonstrating the application of the 
present element in modeling some features of directionally dependant material 
properties. For this purpose, a plate clamped over one of its edges is considered. The 
plate dimensions are 200×195 mm with the overall thickness of 1.8 mm (Fig. 9 left). 
The structure host material is a laminate made of orthotropic fiber reinforced material, 
with the following properties in the material directions: Y1=150 GPa, Y2=9 GPa, ν12=0.3, 
G12=7.1 GPa, G23=2.5 GPa and the properties of the piezoelectric material applied are: 
Y=6.3 GPa, ν=0.3, e31 = e32=22.86 C/m2. The thickness of each composite layer is 0.2 
mm, while the thickness of each piezoelectric layer is 0.1 mm. The stacking sequence of 
the layers is [p/30/90/30/90]s. Thus, it is symmetric, but ‘unbalanced’ in the sense that 
the coupling terms between bending and twisting of the plate are present in the ABD 
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matrix determined with respect to the structure reference direction, which is the global 
x-direction. In other words, a load that would cause bending but no twisting 
deformation of the considered structure made of an isotropic material, now generates 
twisting as well.  
Two load cases are considered – a purely mechanical excitation and an actuation of 
the piezolayers by a constant electric voltage. Linear and geometrically nonlinear 
computations are performed and in order to capture the local rigid-body rotations 
adequately in the nonlinear analysis, the structure is discretized by 200 elements. For 
the comparison purposes, the same examples are computed in Abaqus using the S3 
element and the same mesh.  
In the first case, the plate is exposed to three concentrated forces, two of which have 
a magnitude of 12 N and act at the corner points of the edge opposite to the clamped 
edge (points A and C in Fig. 9), while the third force of 24 N acts at the mid-point of the 
same edge (point B in Fig. 9).   
          
Fig. 9 Geometry and boundary conditions of the piezolaminated semicircular shell 
 
Since both bending and twisting of the shell are induced, the vertical displacement 
(in the global z-direction), w, is observed at the same points at which the forces act. The 
results by the present element and from Abaqus for both linear and geometrically 
nonlinear analyses are summarized in Table 1. A very good agreement between the 
results can be noticed. 
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Table 1 Mechanical excitation of the clamped composite plate – free edge displacements 
Mechanical excitation Point A Point B Point C Linear analysis 
Displacement 
w [mm] 
Abaqus S3 -50.93 -36.75 -22.9 
Present -50.94 -36.8 -22.9 
 Geometrically nonlinear analysis 
Abaqus S3 -44.81 -33.19 -23.55 
Present -44.8 -33.22 -23.58 
 
In the second case the oppositely polarized piezoelectric layers of the same structure 
are subjected to a constant voltage of 1000 V. The relatively large value of electric 
voltage is chosen in order to produce sufficiently large deformation that would justify the 
geometrically nonlinear analysis. The induced bending moments uniformly distributed 
over all shell edges cause again bending and twisting of the structure. In order to compute 
this case in Abaqus the equivalent bending moment uniformly distributed over the plate 
free edges (Fig. 10) is first computed and directly applied in Abaqus.  
 
Fig. 10 Uniformly distributed edge bending moments due to piezoelectric excitation 
 
It should be emphasized that the orientation of the piezoelectric loads depends on 
the current structure configuration. This effect is not recognized in the linear analysis, 
but it is present in the geometrically nonlinear analysis. Therefore, for the geometrically 
nonlinear analysis in Abaqus the moments are set to be of the ‘follower type’, whereby 
the nodal moments follow the nodal rotations. On the other hand, the effect is 
automatically included in the presented formulation where the induced moments depend 
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on the element rotation. A very good agreement of the linear results by the two elements 
can be seen in Table 2, while slight differences between the geometrically nonlinear 
results can be noticed (less than 2%), which is to be attributed to the above explained 
difference in how the ‘follower force’ property of the induced loads is accounted for in 
Abaqus and in the present formulation.  
  
Table 2 Voltage excitation of the clamped composite plate – free edge displacements 
Voltage excitation Point A Point B Point C Linear analysis 
Displacement 
w [mm] 
Abaqus S3 91.78 -48.0 20.64 
Present 91.84 48.0 20.64 
 Geometrically nonlinear analysis 
Abaqus S3 83.15 45.89 21.72 
Present 83.59 46.3 22.1 
 
4.4 Piezo-laminated semicircular arch 
In the next example a curved structured is considered. It is a semicircular shell clamped 
at one end and free at the other, Fig. 11. The radius of the mid-surface is R=318.31 mm, 
the width w=50.8 mm and the overall thickness h=6.35 mm. The structure consists of 
three layers. The passive mid-layer is metallic (Y=68.95 GPa, ν=0.3, ρ=7750 kg/m3) 
and has the thickness of 5.842 mm, while the outer two are piezoelectric layers (Y=63 
GPa, ν=0.3, ρ=7600 kg/m3, e31 =e32=16.11 C/m2, d33=1.65⋅10-8 F/m), each with the 
thickness of 0.254 mm. 
 
Fig. 11 Geometry and boundary conditions of the piezolaminated semicircular arch 
 24 
 
This example was originally proposed by Tzou and Ye [46] and was further 
modified by Zhang [47] so that static and dynamic, linear and geometrically nonlinear 
analyses are covered. As an excitation, a single force F acting at the center of the free 
arch tip (Fig. 11) is applied and the piezoelectric layers are used as sensors. In the 
present study, the structure was meshed by 160 triangular elements.  
First, the force magnitude is set to 100 N and a static response is considered in a 
geometrically nonlinear analysis. As a representative structural response, the 
displacements of the free arch tip in the hoop (s) and radial (r) directions are observed 
together with the voltage of the inner piezoelectric layer. The results for the 
displacements obtained with the presented element and formulation are compared with 
those from Zhang [47] and Abaqus S3 element. The element used by Zhang [47] 
(denoted as SH851URI) is an 8-node shell element with five nodal mechanical degrees 
of freedom and one electrical degree of freedom per piezolayer and it applies uniformly 
reduced integration. The results for the displacements by all three elements are depicted 
in Fig. 12 and show very good agreement.  
 
Fig. 12 Geometrically nonlinear static case – displacements of the free arch tip in the 
hoop and radial directions 
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On the other hand, in Fig. 13 one may notice a minor difference between the results 
for the induced electric potential in the inner piezolayer obtained by the present 
formulation and reported by Zhang [47]. Beside the different element type and 
discretization (Zhang used 1 element across the width and 10 elements in the hoop 
direction), this difference can also be attributed to the fact that Zhang used the rigorous 
geometrically nonlinear formulation, whereas the co-rotational formulation used in this 
work implies that the element behavior with respect to the local reference frame remains 
linear. In addition, using the linear triangular element to model a curved structure results 
in a faceted representation of the geometry and this may affect the distribution of 
bending moments. This influence can also gain in importance over the course of 
deformation in a geometrically nonlinear analysis. 
 
Fig. 13 Geometrically nonlinear static case - sensor voltage of the inner piezolayer  
 
For dynamic analysis, the force is applied as a step function with the magnitude of 
50 N and the response of the structure is observed in a time interval of 1 s. The same 
quantities as in the static case are observed, i.e. the displacements in the radial and hoop 
directions together with the sensor voltage of the inner piezolayer. Linear and 
geometrically nonlinear computations are performed, whereby the time-step of 10-3 s is 
used for the linear analysis and 10-4 s for the nonlinear analysis. The results obtained by 
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the present element and formulation and those reported by Zhang [47] are summarized 
in diagrams in Figs. 14-16.  
 
Fig. 14 Linear analysis - displacement of the arch tip in radial and hoop directions  
 
 
Fig. 15 Nonlinear analysis - displacement of the arch tip in radial and hoop directions  
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Fig. 16 Sensor voltage of the inner piezolayer – linear and nonlinear result  
 
Observing the linear results for displacements (Fig. 14), one may notice that the 
structural response is dominated by the first eigenmode (with the present element 
frequency f1=3.755 Hz), whereby the radial deflection also reveals presence of a higher 
eigenmode in the structural response and that is the third eigenmode (frequency f3=11.9 
Hz). The second eigenmode is normal to the applied force and, hence, not a part of the 
structural response.  In the first eigenmode, the displacement of the structure’s free end 
has significant components in both the radial (r) and hoop (s) directions (Fig. 17, left). 
Consequently, this frequency is dominant in the both observed displacements. In the 
third mode, the free tip displacement has a relatively small component in the hoop 
direction and a significant component in the radial direction (Fig. 17, right). This 
explains why in the linear transient displacement in the hoop direction only one 
frequency is perceived visually from the diagram (the third is also present, but not so 
obvious), whereas in the radial displacement a mixture of the two eigenfrequencies can 
be visually recognized. 
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Fig. 17 The first and third mode shapes of the semicircular arch   
 
4.5 Simply supported plate – shape control and actuated dynamics 
In the final example, a plate simply supported over two parallel edges is considered, 
Fig. 18. Its dimensions are 200×200×1 mm. The host material is a composite laminate 
with the following properties in the material directions: Y1=132.28 GPa, Y2=10.76 GPa, 
ν12=0.24, G12=5.65 GPa, G23=3.61 GPa. The piezoelectric material properties are:  Y=63 
GPa, ν=0.3, ρ=7600 kg/m3, e31 = e32=22.86 C/m2. The thickness of each layer is 0.25 
mm. The sequence of layers with respect to the structure reference direction (x-axis) is 
[p/45/-45/0]s. Static and dynamic analyses are performed using a mesh with 200 
elements.  
In the static analysis, a similar scenario for the shape control is used as by Kioua and 
Mirza [48]. The shape control example proposed by Kioua and Mirza was resolved by 
means of the Ritz method. It has been used by a number of authors as a benchmark 
example and all the authors reported a difference between the Ritz solution obtained by 
Kioua and Mirza and the FEM results. A detailed analysis of this difference was given 
by Marinkovic et al. [49]. For this reason, the authors of this paper decided to offer a 
slightly modified version of the example to the research community. Hence, the plate is 
first exposed to a single force, F=30N, perpendicular to the surface of the plate and 
acting at its centroid, Fig. 18. Upon the deformation, the oppositely polarized 
piezoelectric layers are supplied with the slowly increasing electric voltage and the 
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deformational behavior is observed. As already explained, the electric voltage gives rise 
to bending moments uniformly distributed over the plate edges.  
 
 
Fig. 18 Boundary conditions of the piezo-laminated simply supported plate  
 
The bending moments induced through the inverse piezoelectric effect tend to 
reduce the plate deflection. Clearly, it is impossible to recover exactly the original 
configuration (zero deflection over the whole surface) in this manner, but a 
configuration very close to the original one is obtained for the voltage of 137.5 V. This 
can be see in Fig. 19 which depicts deflection along the the x-direction through the plate 
centroid C for different values of the electric voltage supplied to the piezopatches. The 
results are obtained in a linear analysis as deformations are rather small and for the 
purpose of comparison the results obtained in Abaqus with the S3 element and the pre-
computed edge distributed bending moments are used. Obviously, the two elements 
yield practically congruent results.  
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Fig. 19 Simply supported plate - deflection along the x-direction through the plate 
centroid  
 
Finally, deformation of the same structure exposed to a dynamic excitation is 
considered. The time dependent excitation is electric voltage in a sine form with the 
amplitude of 250 V and frequency of 50 Hz. Linear and geometrically nonlinear 
analyses are performed. The follower nature of the induced bending moments is 
considered in Abaqus in exactly the same manner as explained in the 3rd example with 
the plate clamped over one edge. The deflection of the point C is observed in a time 
interval of 0.04 s and a very good agreement between the results obtained with the 
present element and in Abaqus can be seen in Fig. 20.  
 
Fig. 20 Plate centroid deflection as a response to time dependent electric voltage 
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5 CONCLUSIONS 
Combining the exquisite mechanical properties of composite laminates with the 
multifunctional character of piezoelectric materials enables new lightweight design 
solutions with integrated sensing and actuating. Such a material system offers vast 
options to improve the structural safety, reliability and robustness through adaptive 
behavior. Numerical tools that enable efficient and accurate simulations of such material 
systems are of great interest to the engineering community.  
The choice to develop a 3-node shell element was driven by the element’s high 
meshing ability and numerical efficiency. However, linear elements are generally 
known for relatively stiff behavior. To address this issue, the enhancements in the form 
of strain-smoothing technique and discrete shear gap were applied in the element 
formulation. Furthermore, the co-rotational formulation was used to extend the 
applicability of the element into the realm of geometrically nonlinear analysis. The 
formulation accounts for rigid-body motion element-wise. Hence, finer meshes are 
favored in order to capture the local rigid-body rotations adequately. But this is fully in 
compliance with the fact that low-order elements demand finer meshes anyway.  
The considered examples cover static and dynamic cases, with the piezolayers used 
as both actuators and sensors, and linear as well as geometrically nonlinear analyses 
were performed. As reference solutions, the experimental and numerical results 
available in the literature were used, but also numerical results from commercially 
available FEM program Abaqus. Though examples are more of academic nature, they 
not only prove the applicability of developed element and formulation, but also expose 
a few important aspects of modeling thin-walled piezoelectric structures. It was shown 
that geometrically nonlinear effects may easily become important in the behavior of the 
considered structures, which is certainly related to the load level, but also to the 
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kinematic boundary conditions. This is particularly valid in the cases where, over the 
course of deformation, a thin-walled structure rapidly changes the way it resists the 
external loads, for instance from plate dominated behavior to shell (membrane) 
dominated behavior. Also, one of the aspects is the follower nature of the loads induced 
by the inverse piezoelectric effect and the necessity to account for it. 
In the future work, in-plane polarized piezoelectric materials should be given 
attention, particularly composite materials with piezoelectric fibers. Also, the element 
should be extended to cover the materially nonlinear effects in the piezoelectric 
coupling. The co-rotational formulation offers a solid base for this as it separates 
geometric from material nonlinearities.  
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